INTRODUCTION
SINCE the publication of Darwin's The Effects of Cross-and Self-fertilization in the Vegetable Kingdom (1876), the role of random outcrossing has been widely recognised in relation to the breeding structure and evolution of species in the extreme classes, namely, obligate outbreeding versus almost complete or exclusive selfing (Darlington, 1958; Stebbins, 1950) . The evolutionary dynamics of a mixed selfing and random mating system has only recently been theoretically and experimentally investigated. These studies showed that the outcrossing parameter must be considered conjointly with selection and other features of the genetic system in order to fully analyse its evolutionary properties (review by Allard, Jam and Workman, 1967) . Hayman (1953) had shown that a single diallelic locus could maintain polymorphism in a large population through selection favouring heterozygotes. Further theoretical work using a two-locus, diallelic model illustrated the role of linkage and gene interaction in determining stable equilibria (Jam and Allard, 1966) and similar attributes of a two-locus model optimising selection (Jam and Allard, 1965) .
In the series of papers, the theory of mixed selfing and random mating system will be further developed essentially by computer simulation of more general models such as those involving stochastic processes, multiple alleles and selection during gametic as well as zygotic stages. A large body of experimental evidence shows that both the outcrossing rate and the selective values vary markedly between populations in space and time as well as between families within the same population. Yet, our understanding of the effects of such stochastic variation in these parameters is extremely limited. The stochastic equivalent of Hayman's model can be readily investigated by Monte Carlo simulation using randomly varying parameters with some prespecified density function. Analogous to Bateman's (1947 Bateman's ( , 1948 findings on the leptokurtic form of distribution of certain migration parameters, a review of literature on the variation in outcrossing rate (t) indicated that for species with iow mean outcrossing, the distribution of t-values among families and between generations involved both overdispersion (high variance/mean ratio) and kurtosis. In this paper we shall briefly review the experimental evidence related to the form of distribution of outcrossing rate and selective values and then examine by computer simulation the effect of random fluctuations from generation to generation on the properties of genotypic equilibria. In particular, we shall compare 4" the regions allowing stable equilibria under models involving heterozygote advantage and low outcrossing rates.
REVIEW OF LITERATURE (a) Variation in t among families
In such multifiowered species as tomato, egg plant and millets there are several reports of outcrossing rates measured by growing progenies of individual plants so that the distribution of rate of outcrossing (t) can be determined within a population. In cases of genetically homogeneous populations this simply provides a measure of environmental variation. Bateman (bc. cit.) discussed various factors that might be involved in variation under both insect-and wind-pollination conditions. One might expect under certain assumptions about the reproductive biology that on the basis of binomial law the plant-to-plant variation in the probability of outcrosses would follow nearly a normal distribution for mean values in the range, say 0-1 to 0'9, but as t approached 0 or 1, perhaps a Poisson distribution is obtained. In the following sections we shall describe the observed distribution in terms of deviations from these expected forms using Fisher's k-statistics as measures of dispersion, kurtosis and skewness. Table I gives the expected values of k1(p, k2(o2), g1 = 1c3/(k2)312 and g2 = k4/k22, for some well-known density functions which are also used in simulation. Plant-to-plant variation in outcrossing has been extensively studied in cotton. From the bulk of experimental data available, six examples with the mean rate of outcrossing ranging from 274 to 594 per cent, were studied in detail (Simpson, 1954; Innes, 1961; and others) . In five out of the six cases studied, t was approximately normally distributed in agreement with the theoretical expectations (e.g. fig. 1(a) ). However, in one case illustrated in fig. 1 (b) , the distribution deviated significantly from normality due to both overdispersion and skewness.
(ii) Egg plant An example of the distribution of outcrossing rate in the egg plant (Kakizaki, 1924 ) is shown in fig. 2 . Since the mean rate of outcrossing (t) is less than io per cent., a parametric x2 test (X2(n) = ns2/m, where m, 2 are the sample mean and variance respectively and n = JV'-1, where X is the sample size) was used to test the fit to Poisson distribution. In this case X2[621 = 531'4, P <0.001, indicating that the variance is significantly greater than the mean. The estimates of g1 and g2 are greater than expected values.
-Distribution of outcrossing rate (among families) in cotton at Shambat, Sudan (Innes, 1961) . No. offamilies = 134, k1 = 3195; k2 = 345l; ei = 0-27; g2 = 045 No significant departure from normal curve (X2(9) = 820, 050< P < 0.70). (Simpson, 1954) . No. of families = 274, Ic1 = 2987; Ic2 = 26358; g1 = 0-89, g2 = 088. Significant deviation from normality. A number of distributions have been devised in which the variance is significantly larger than the mean and overdispersion is assumed to arise from contagion (Anscombe, 1950) . Since the negative binomial is the most widely applicable of the unimodal "contagious" distributions, an attempt was made to fit it to the present data. The negative binomial, given by (q _p)lc, is completely described by two parameters, the mean and the exponent k; where p = jt/k and q = 1 +p. For the egg plant data, the joint estimates ofs and k were 7.44 and 145. The x2test for goodness of fit which yielded X2r4I = 468, 030 < P < 050, indicated that the observed data fit the binomial distribution.
(iii) Tomato
The distribution of outcrossing in tomato on an individual fruit basis described by Kakizaki (1920) is shown in fig. 3 . Here, the parametric x2 test for the poisson distribution yielded X1o7i = 1742, P <000l, indicating, as before with egg plant data, that the distribution shows considerable overdispersion. Estimation of parameters of the negative binomial distribution gave t = l89, k = 0l76. The x2 test for goodness of fit (X2[ii] = &20, 080 <P0.90) indicated good agreement between the observed and expected frequencies under the negative binomial.
The data of Macvicar and Parnell (1941) on the plant to plant variation in outcrossing are illustrated in fig. 4 . Again the parametric x2 test for the Poisson distribution indicated that the variance was significantly greater than the mean (X2[63] = 1206, P<0.OOl). Moreover, these data also appeared to fit the negative binomial distribution with t = 073, k = 0564.
The x2 test for goodness of fit yielded X2[31 = 546, 020> P> 0.10.
A further nine examples, representing five species, of plant-to-plant variations were examined in detail. These data are summarised in table 2. It will be noted that in only one case (blackberry) is the mean equal to, or less than, the variance. In the other eight cases the parametric 2 test for the Poisson distribution indicated that the variance was significantly greater than the mean. Consequently, all the examples considered are consistent in indicating that in predominantly selfing species the outcrossing parameter is usually not normally distributed. Note that from a similar literature survey it appears that in self-incompatible species with t nearly l0, t again approaches Poisson or an overdispersed form. Another important aspect of variation in the outcrossing rate is the temporal variation in the mean rate of outcrossing of a population. A large number of environmental and biotic factors are known to affect the mean rate of outcrossing of a population (Simpson, 1954; Fryxell, 1957 Wilsie and Takahashi (1934) Claasen ( amount of overdispersion. Indeed, the parametric X2-test indicated that in all cases the variance is significantly greater than the mean. It will be noted, however, that the form of the distribution varies among the cases studied. For example, in cotton the distribution appears to be platykurtic while in lima bean the distribution is markedly leptokurtic.
PER CENT 0UTCROSSNG
Fia. 5.-Distribution of outcrossing in cotton and lima bean over different years (data o Simpson, 1954; Allard, 1954; Harding and Tucker, 1964) . 
(c) Variation in selective values
Here again, data on many consecutive generations are needed in order to obtain an empirical distribution of the selective values. In Drosophila and several other random mating species, such estimates are available showing a marked variation in the selective values between generations. In predominantly selfing species, the most extensive data are those of Allard and Workman (1963) , who found that the selective values fluctuated widely between years more or less cyclically with near-normal distribution (c.f.
Author's table 3). Outcrossing rate (1) was assumed to be constant in estimating selective values (x, y) so that variation in t and (x, y) were confounded. However, as stated by authors, the observed fluctuations in alone were not large enough to yield these variations. In other studies (Jam and Allard, 1960; Allard, Jam and Workman, 1967) there is some evidence for variation in selective values although these studies provided insufficient sets of estimates to determine the form of distribution. In this paper we shall study random variations in selective values using only the normal distribution.
3. Coi'ici.usiois FROM EXPERIMENTAL DATA From the review of experimental work on the variation in outcrossing rate there appears to be significant plant-to-plant variation following a distribution function, more or less as expected, governed by the mean value. Overdispersion and leptokurtosis are frequently involved for low values of t. In genetically variable materials involving some form of gentoype control of the mating system, such variation might have a selective pressure in favour of the families with higher self-fertilisation unless counteracted by some other form of selection in the more outbred families (cf. Drayner, 1959) . In finitely small populations, such variation can also result in the fluctuation of t between generations and would require a finite population model to be analysed. Our primary concern here is the effect of random fluctuations between generations so that simulation involves the use of a random variable to determine the value of t in each successive generation. Similarly, input selective values are taken using appropriate random variables with the successive values varying between generations.
THE MODEL AND SIMULATION PROCEDURE
Consider a single locus with two alleles, A1 and A2, and let (P, R, Q) and (P', R', Q) denote the genotypic proportions of (A1A1, A1A2, A2A2) in generations n and (n+l). Assume that each individual has probability of selfing (s) and of random outcrossing (t = 1 -s), and let the relative viabilities of the three genotypes be in the ratio (x:l :y). Under a model in which the census for genotypic frequencies is assumed to occur just before mating, the recursion relations are:
If we denote p P+R, q = Q+R, and fixation index F = I -R/2pq at equilibrium, where EtP = 0, and EF = 0, the solutions for p and F describe the equilibrium (Workman and Jam, 1966 ).
Hayman's phase diagrams ( fig. 6 ) describe the conditions, in terms of the parameters (t, x,y), which allow stable nontrivial equilibria (regions C, D), the fixation of allele A1 (region A) or the fixation of allele A2 (region B). Lewontin (1958) we are interested in the critical bounds on (x, y) only in terms of fixation versus polymorphic regions so that boundary between C and D will be ignored. Two main features of phase diagrams should be pointed out here; namely (I) as the level of outcrossing decreases, regions C, D become smaller so that maintenance of polymorphisms would require greater amounts of heterozygote advantage, and (2) the homozygote fitnesses need to be increasingly closer (x -y-*0) which thus becomes highly restrictive condition under a predominantly selfing system.
It might be expected that introducing random fluctuations of t or (x, y) might change these conditions for stable equilibria and the relative position of the boundaries. Without loss of generality, we may choose several points on the boundaries AC (or BC, by virtue of symmetry) to test this expectation. Table 3 gives equilibria for a range of values of (x, .y) corresponding to the regions under test near boundary AC in fig. 6 . The critical bound on y(y) for any given t and x can be obtained from solutions given above. Thus, theoretically, the effects of stochastic variations on these bounds and )c can be determined by finding equilibrium values of p and F. Using random variables for varying I or (x, y) between generations allows the recursions to be represented by a Markov chain in which the equilibria have to be defined in terms of a steady state. The probability distribution of allelic frequency is expected to approach a limiting distribution independent of initial conditions, at least to the second order, and thus it attains an unchanging mean and variance in relation to the time axis (see Bartlett, 1955; Papoulis, 1965 ; for a discussion of stationary processes). As pointed out by Shreider (1966) , the choice of time for describing the probability distribution of repeated trials as well as the required degree of accuracy in decisions about fixed versus unfixed state have to remain arbitrarily within certain prespecified limits. The cumulative round-off errors in any such simulation work as well as the extreme slowness of change around the equilibrium region pose further problems. These and other problems associated with numerical solutions of stochastic processes have been discussed in more detail by Leslie and Gower (1960) and Bartlett et al. (1960) .
Within the region where none of the alleles attain fixation, we are interested in the ergodicity of the mean as well as the distribution of the replicate runs for any given set of input parameters so that the process can be described by the time averages approaching certain expected values. Therefore, the properties of stochastic models are described here in terms of (1) the stable distribution of replicate runs at some arbitrary time t, (2) the changes in mean allelic frequency (p) over time and approach to some steady value from two or more sets of initial frequencies, and (3) the determination of critical bound on y(yc) either from the values of , or on the basis of the proportion of replicates fixed. In all cases, only a sample of results are presented to illustrate these aspects of the process.
The density function for t was chosen to be one of the following forms: (i) normal with input t, at, (ii) rectangular, (iii) negative binomial with input t and Ic, and (iv) exponential with input t. The selective values were simulated using a normal distribution with input (x, .y) and a, ElI,). Schreider (1966) described the methods of generating a set of random numbers (Si) with specified density function, sayf(x), given a set of pseudorandom numbers Rj, uniformly distributed over the interval (0, 1). For the exponential distribution, a method described by Clark and Holz (1960) was used, and for the normal distribution, we used a programme kindly provided by Dr D. G. Burnell. Other distribution functions, including a more general representation by Gamma function, f(x) = + ) + 1) 0 <x <, where (a)oc = 1, = 0, gives exponential, (b) o = -, fi = 1, gives leptokurtic, and (c) = 10, = 02 gives near-normal distribution, can be generated following Schreider's method based on the piecewise approximation of f (x). The output distribution was checked for several parametric values by testing the observed values of s, a2, g1, and g2 against their expectations (cf. table 1).
STOCHASTIC VARIATION IN OUTCROSSING PARAMETER (t)
Taking selective values (x, y) constant between generations and in the two regions aroundy = 0.5625 for t = 020 andy = 0.7105 for t = 005 2E 2 ( fig. 6 ), the value oft was varied using random variables having one of the four density functions. In the majority of the cases studied, 20 replicate runs were obtained for two initial allelic frequency sets p = 0-50 andp = 099 over 1000 generations. In some critical cases, 100 replicates were run for as many as 3000 generations. For the normal distribution, two different values of input variance (2 t) were used in order to obtain a rather high-. peaked distribution (coefficient of variation, C.V. = 0.05) in contrast to e Steady state distribution by nearly bOOth generation; values given for rep means over 900 to l000th generation interval. one with C.V. = 0-333. In all runs, the quantities of interest, p and F for individual replicate as well as mean p and F over reps, were output at regular intervals of 25 or 100 generations. Table 4 gives a sample of data on the output values in the bOOth generation. At this time the distribution of various gene frequency classes seemed more or less stationary except in the cases very near they values due to slow change (tip less than 10_U per generation). The proportion of replicate runs with p = 1 (actually, with 8-digit accuracy, p greater than 110_8) are also given in the last column which is often based on 20 replicates and therefore, is merely an approximate value. Usingy at intervals of 00l, the value ofy was found to be within the same range as given by the corresponding deterministic cases for both normal and rectangular functions. From the values of p and F, it appears in general that Ye becomes slightly greater, thus narrowing the region of stable equilibria (C, D) in the case of the stochastic models.
This trend is further seen in the cases of both exponential and negative binomial distribution having relatively greater C.V. and kurtosis. and region C ( < 1). The mean allelic frequency () over reps is shown in fig. 8 for various values of Y and initial p = 0.5. Further, note from fig. 9 that the two initial sets converged fairly rapidly toward such equilibria. Also, it will be noted that fluctuations in replicate mean () are relatively small. Thus,Y. shows a small change upward in a model involving stochastic variation in I. The boundaries were further checked in a similar manner for several other points using values of x other than 075. For x = 085, for instance,Y = 0759 for t = 02 andY0 = 083l for t = 005 in the deterministic case. The corresponding stochastic models did not appear to significantly alter these critical bounds. 
STOCHASTIC VARIATION IN SELECTIVE VALUES (x, Y)
For the same sets of (x, Y) as used earlier, and following the same general procedure, the values of x andY were determined in each generation using
Fjo. 2). In one set of runs, we assumed covxy = 0, that is, x andy are independently distributed whereas in another parallel set of runs, covzy = 1 was obtained by using the same value of random number in any generation for varying both x and y. Allard and Workman (1963) presented evidence for both cases; in one population x and y varied more or less independently between years, but in another population there was a significant covariance between x and y. Table 6 gives a sample of the replicate means and the proportion of replicate runs fixed for various sets of input values. Again, from the values of and the proportion of replicate runs fixed, Ye could be approximately estimated. In this case, the estimated values of Ye were significantly less than expected under the deterministic model, thus extending the region C for stable, nontrivial equilibria. In case of t = 020 and a = Figs. l0a-c show the distribution of replicates for Ye = 0.51, 05l5 and 052 at time n = 1000 and 2000. The distribution becomes more or less stationary by the 1 000th generation, although as one approaches Ye the time involved becomes increasingly larger. Also, the mean passage time is so large in the subterminal frequency classes that the frequency of replicate runs with p greater than 099 becomes disproportionately high. Fig. 11 further illustrates the changes in mean p over replicate runs for o, o, = 02. In all these cases b from two initial sets converged fairly well toward an average stationary value. Further checks on stability were made for some Fro. ships among the parameters of the mating system and selection, as first shown by Hayman (1953) , are critical in terms of the amount of heterozygote advantage and the relative fitnesses of two homozygotes. These conditions are quite restrictive for low levels of outcrossing. Stochastic variation in the rate of outcrossing (t) caused a very small change in bounds on the selective values of homozygotes (x, y) in an upward direction, the magnitude depending upon the form of density function. On the other hand, the stochastic fluctuations in (x, y) between generations markedly increased the region of stable equilibria. Thus, under such a process the homozygote fitnesses can depart from equality farther than in the equivalent deterministic case, especially with low t values. The amount of genetic variation at equilibria in the newly generated region of course varies with the actual values of p and F, such that it increases proportionately as one moves away fromy, more or less in the same way as seen in the deterministic case (table 3) . Thus, both the direction and magnitude of change in bounds are different for random variation in t versus (x, y). The explanation may reside in the fact that variation in t changes the amount of effective heterozygote advantage in terms of variance in F but by virtue of symmetry leaves allelic frequency unchanged; variations in x, y result in variance in both p and F since both heterozygosis and allelic frequency are affected. SinceFapproaches I at a slower rate than p near the critical bounds, the fixation process might be largely governed by the trends of changing p and r rather than F and r both in terms of attaining the steady state distribution or quasi-fixation.
From runs with no selection (x = y = 1) or symmetrical selection (x = y < 1), it is shown in table 6 that variations in t result in effectively the same or even larger F-value (greater inbreeding) than expected from deterministic solutions whereas stochastic x, y tend to yield effectively less inbreeding, as measured by the level of heterozygosis. One would therefore expect the changes in critical regions to occur in opposite directions as observed in our study.
These findings on the equilibrium properties of the stochastic mixed mating model are directly relevant to certain aspects of our experimental work on predominantly self-fertilising populations. Evidence for heterozygote advantage has now been reported in several species (Allard, Jam and Workman, 1967) . Selective values and I are all likely to vary between different seasons and stages of population history; further work is needed to determine their empirical distribution over time as well as variation between families of individual genotypes. Clearly, the estimation of parameters of outcrossing and selection should take this variation into account both in terms of the estimates of genetic variation as well as prediction of equilibria. Ignoring fluctuations in t would tend to underestimate (x, y), i.e. overestimate overdominance, and the reverse would hold for the case in which variations in selective values are ignored. Further, it should be emphasised that the mechanisms for maintaining variability in predominantly selfing species would not be helped except in relation to certain unique events, by occasional outbursts of outcrossing at sporadic time intervals which might occur characteristically in some species or groups of species. In fact, such an overdispersed distribution of t would restrict, or at best, not significantly alter, the conditions for maintaining polymorphisms. Autocorrelation between values of t in successive generations might, on the other hand, influence these conditions such as to increase the region of polymorphisms. Simulation of models involving rate of outcrossing as a function of gene frequency seemed to change only the trajectories ofgenotypic frequencies and not the final equilibrium values of p and F. An extensive literature review on variation in mating systems indicates that there are many interesting modes of genetic or environmental variation and diverse evolutionary mechanisms involved in the stochastic component of mixed mating systems. It is hoped that some generalised features would emerge from further theoretical work that would help extend our simple models discussed above.
The effect of randomly varying selection intensities in random mating population was investigated by Kimura (1958) , who showed that this led to quasi-fixation instead of fixation as might be expected from directional selection in favour of one allele (see also Barker and Butcher, 1963) . Therefore it would appear that, in general, stochastic selective processes allow wider range of conditions for nontrivial equilibria. In fact, a similar problem on the relative conditions for stability of nontrivial equilibria might be of general interest in relation to the evolutionary models involving interspecific competition, predator-prey of host-pathogen systems, etc. However, Leslie (1958, 1962) and Leslie and Gower (1958) have simulated two-species competition models largely to investigate the rates of change or outcome of stochastic models, rather than the conditions on birth rate and death rate coefficients. Leslie and Gower (1958) found that the properties of stochastic model and its deterministic equivalent differed mostly in the case of a system with an unstable stationary state (initial frequency-dependent outcome). In case of predator-prey system in fact, Leslie and Gower (1960) concluded that variable risks of predation (" heterogeneity" of environment) would lead to, provided variability in parameter k is limited, wider conditions for the coexistence of two species (k = fraction of the prey population exposed to the risk of predation). Numerical work on these stochastic processes from the viewpoint of finding conditions for various types of equilibria would appear worth while.
8. SUMMARY 1. The experimental evidence for stochastic variation of outcrossing rate and selective values was reviewed briefly to illustrate their form of distribution over space, time and individual plant families. In the case of low outcrossing rates, the distribution of t often involves overdispersion and kurtosis.
2. A single, diallelic locus model involving mixed selfing and random mating was simulated by Monte Carlo procedure on a digital computer in which the rate of outcrossing was varied generation to generation with the use of random variable having a specified distribution (normal, rectangular, negative binomial and exponential) with various sets of input parametric values. The effect of stochastic t was specifically investigated in terms of change in the bounds on selective values that would yield nontrivial genotypic equilibria. Similarly, in another set of runs, t was held constant but selective values (x, .y) of homozygotes were varied among successive generations.
3. The most significant outcome of these studies was that fluctuating t, even with overdispersion characteristic of the negative binomial or exponential distribution, resulted in very small change in the critical bounds on (x, y) whereas stochastic selective values resulted in significant shifts towards producing a larger region of equilibria with polymorphisms.
4. The implications of these properties of a stochastic mixed mating model were discussed briefly in terms of the conditions allowing the maintenance of long-term variability, estimation of selective and mating systems parameters, and the role of outcrossing rates in relation to the distribution of intrapopulation variaion.
